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We study the length of the transient in a threshold automata with values on the 
set {0, 1 }. The original conjecture was that in the symmetric ase, this length was a 
linear function of the number of cells in the automata (Goles, E. (1981), "Compor- 
tement oscillatoire d'une famille d'automates cellulaires non uniformes," These, 
IMAG, Grenoble, France; and Olivos, J. (1979), "Contribution ~t l'algorithmique," 
These, Orsay, France). We shall show that this length can be exponential. 
I. PRELIMINARIES 
with 
Let A be the threshold function given by 
A: t0, 1}n--* {0, 1}" 
x-~ (01(x) ..... 0.(x)) 
¢~i(x) = 0 if ~ aux j < t~i, 
j= l  
=1 if ~ aux j>/Oi, 
j= l  
iC{1  ..... n}, 
where A = (au) is a real symmetric n × n matrix, 0 = (01 ..... 0,) E R". We 
define the symmetric threshold automata ssociated to A as the iteration: 
xr+l=Ax r, r=0,1 ,2 . . . ;x°E{0,1}  ". 
It is obvious that, as {0, 1 }" is finite, this iteration converges to a cycle in 
a finite number of steps (with a period less than or equal to two (Goles and 
Olivos A., 1980, 1981)). 
We define the transient corresponding to the threshold automata 
associated to the couple (A, 0) as follows: 
l(A,/9, n) -- Max l(x, n, A), 
x~10,1ln 
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where l(x, n,A) is the number of steps that the iteration needs, with x as 
starting vector, to arrive at the steady state. 
We will show the existence of symmetric threshold automata with 
exponential transients compared to the number, n, of cell. This means that 
the convergence of the iteration to the steady state can be extremely slow. It 
is convenient o point out that in general threshold automata (a not 
necessarily symmetric) exponential convergence is obvious, because in this 
case we have an arbitrary McCulloch-Pitts net, which can simulate the 
evolution of any finite automata (McCulloch and Pitts, 1943). 
II. STRICT THRESHOLD AUTOMATA 
Without any loss of generality we can suppose that each application Ot is 
defined by a strictly separating hyperplane: 
¢t(x) = 0 if ~ aijx j < Oi, 
j= l  
=1 if ~ ai:x j > O r 
j= l  
Indeed, if we have indexes i ~ {1 ..... n} such that: 
n 
/ ,V at]x : _0  i=O for some xE{O, 1}". 
j= l  
Let 
U(i,-)= y~{O, 1}" at:y :<0 t . 
If U(i, --) = 0, it is obvious that the automata ssociated to the couple (A, 0') 
with: 
0j=0; if j=/=i, 
has the same behaviour as the initial one. 
In the case U(i,-) 4= ~, let: 
max atj y ] 
j= l  aUzJ :  yeu(t,-) 
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as ~,'~j=l auzj  < 0i; we can determine ei > 0 such that: 
~aUyj~a i j z j<O, - -~ i ,  for any yCU( i , - - ) ,  
j= l  j= l  
so taking O~ = 0 i - E i and Oj = O: for j =~ i we have the same behaviour for 
the automata associated to (A, O) and (A, 0'). 
III. DUALITY 
Given the strict symmetric threshold automata associated to the couple 
(A, 0), we define its dual function, A*, as follows: 
A*: {0, 1}~ {0, 1} n 
x - ,  (OF(x) ..... O *(x) ) 
associated to the p~r (A, 0 ' ) ,  where: 
O~ =--Oi+ ~ au, for  iE  {1,...,n}. 
j 1 
It is obvious from this equation that duality is reflexive (A**=A) .  
Furthermore the primal and dual functions satisfy: 
Ax = y ,~ A *g = y, 
where ~ = (£1 ..... f , )  is the boolean negation in each component. 
This equivalence implies that the primal and dual automata have the same 
behaviour. On the other hand, if we do not have the strict threshold property 
this equivalence is false. 
EXAMPLE. Let A be defined by: 
A= 1-6. 8= E :i 
-5 10 
0 1 0 1 
-6  12 0 0 1 t~ fixed point 
Primal graph Primal evolution 
-6 
I0 15 
Dual graph 
FIGURE 1 
1 0 1 0 fixed point 
1 1 0 0 "~ 
Dual evolution 
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I I I .  CONSTRUCTION OF AN EXPONENTIAL FAMILY 
Using a recursive procedure, we will build a family of symmetric threshold 
automata with exponential transient growth. 
We shall use the duality in order to add three cells to the automata in way 
that doubles the length of the transient. For instance, if we have the 
automata: 
5 10 
-6 i ~  12 1 0 1 0 1 I I 0 I 0 
5 -9 2 0 0 1 1 1 1 1 0 0 
-~ -~ -~ • ~ + ÷ ÷ 
3 0 0 0 0 I 1 i i i 
100 2B 4 0 0 0 0 0 1 i I 1 
10 20 evolut ion 
FIGURE 2 
We can add three cells to this graph such that they will stay at the O-level 
while the original cells evolve according to the primal automata. Afterwards 
they will take the l-level; and contribute to the weights, au, that will permit 
the dual evolution. 
40O 
80 . 
- " ', 12 
10 20 
Primal evolution Dual evolution 
2 0 1 i 1 I 1 0 0 i 1 0 0 0 0 0 1 
3 0 0 0 1 I i 1 1 I 1 i 1 0 0 0 0 
4 + O÷ O÷ O+ O+ 1~ 1~ 1 ; 1-~ I+  1_+ 1->- 1÷ 1+ 1+ 1~ O÷ O+ 0 
5 0 0 0 0 0 0 0 0 0 Q~ 1 1 t 1 1 1 i 1 1 1 
6 0 0 0 0 0 0 0 0 0 0 (1)  1 1 1 1 1 1 1 1 1 
V 
7 0 0 0 0 0 0 0 0 0 0 0 1~ 1 1 1 1 1 1 1 1 
FIGURE 3 
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With the same idea, we have the following result: 
THEOREM. Given a symmetric strict threshold automata ssociated to the 
couple (A, 0), with the evolution 
x(0) ~ x(1) ~ ... --+ x(T) ~, 
where x(O) = 0 and x(T) is a fixed point, it is possible to build a symmetric 
strict threshold automata by adding three cells, so that it has the following 
transition: 
Steps: 0 1 ... T T+I  T+2 T+3 ... 2T+3 
x(0)-~x(1) . . . . .  x(73-~ x(r) -~ x(73 -~ ~(o) . . . . .  x(r) 
n+l  0 0 0 1 1 1 1 
n+2 0 0 0 0 1 1 1 
n+3 0 0 0 0 0 1 1 
Proof. 
x. + 1(0 = 1, 
~- O, 
it suffices to choose 0.+ 1 > 0 and: 
a .+ lk=0.+l  +6,  g > 0 
an+u= --(6 -1- ~), ~ > O, j:/: k] 
an+l J=- (6+e) i f Jq -~X(T) )  
0.+1- ] -6  . . 
an + lj = ~ )  if j E X(T) 
with e > 0 and0 < 6 < - -0"+1 _ 
card X(T) - 1 
In order to obtain the behaviour of cell n + 1: 
l>/T+ l, 
l<~ T, 
i fX(T) = {k}, j(E {1,..., n}, 
if card X(T) >/2, j ~ { 1 ..... n }, 
where 
and 
X(T) = {j E { 1 ..... n }/xj(T) = 1 
an+l .n+l>0.+l - -  ) '  a.+l, j .  
On+ l j<0  
Furthermore, as an+ 1j > 0 fo r j  E X(T) and an+ lj < 0 otherwise, the vector 
x(T) does not change in steps T + 1 and T + 2. 
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Behaviour of  cell n + 2: The role of this cell is to produce the vector 
£(0) in the step T+ 3. This behaviour is accomplished if: 
an+2,j.= 0 ifxj(T) = I, 
= M + Oi-- ~ aii; M>0,  otherwise. 
jEX(T) 
au<O 
In order to have xn+2(1) =0 for l~< T+ 1, and Xn+2(l)= 1 for l>~ T+ 2 we 
have to choose: 
On+ 2 > ~ an+2j, 
j= l  
an+l,n+2 > 0n+2-  Z an+zJ" 
an+2j<O 
Behaviour of  cell n + 3: This cell must contribute the weights associated 
to cells 1 ..... n in order to have the dual thresholds * * 01..... 0n, then: 
n+2 
ain + 3 = 20i -- E aij for i E { 1 ..... n }. 
j=l 
On the other hand, if we choose 
0n+3 > 
and 
a in + 3 
j=l  
ajn+3>O 
0n+3,,+2 = ~?n+3 - ~.,~ aj, +3 +N,  N> 0, 
j= l  
ajn + 3< O 
we will have: 
Xn+3(l)-=O if I<~T+2,  
=1 if l/> T+3,  
since the cell n + 3 (when x,+3(l ) = 1) changes 0 i for 0", we will have the 
dual behaviour of the cells 1 ..... n beginning at the step T+ 3. II 
Taking as a basis the theorem and the example for n = 7 (see Fig. 3), we 
can work recursively with the previous construction. By this means, the 
number, T(n), of transition vectors in this automata with n cells verifies: 
T(n + 3) = 2T(n) + 2; T(7) = 20, 
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from which we get T(n)= 11 . 2 (n-4)/3 -2  so l(0, n,A)= T(n) -  1 implies: 
I(A, 0, n) ~> 11 • 2 (n-4)/3 - -  2, 
This shows that there exist symmetr ic threshold automata with transients 
of order 2 n/3. 
It is interesting to point out that in random simulat ions of very large 
symmetr ic threshold automata,  it is extremely difficult to find long tran- 
sients, in general they are shorter than n. 
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